Abstract-Optically driven recirculating delay lines, often used in fiber-optic signal processors, convert the source phase noise to spectrally structured intensity noise at the loop output. This spectrum is characterized by deep notches at zero frequency as well as at other multiples of l/(loop delay). An expression is derived for the power spectral density of the output noise. The formulae obtained, are then used to investigate the dependence of the magnitude and shape of this noise on the source coherence time, the coupling ratio, the coupler and loop losses, and the fiber birefringence.
I. INTRODUCTION an adjustable coupler
[e.g., [2] ). This simple structure has been used as: a) a transient buffer memory and data rate transformer [ l ] , [3] ; b) a notch filter (over 18 GHz) [4] , [ 5 ] ; c) a systolic processor [ 6 ] ; and d) a building block for singlemode fiber lattice filters [7] .
In all of these applications, an electronic RF signal modulates the intensity of the light source, usually a semiconductor laser, and the processed guided waves are converted back to electricity by a high-speed detector. Since the laser driving current and the detector output current are, respectively, proportional R ECENTLY introduced single-mode fiber-optic signal processors make an extensive use of recirculating delay lines.
The basic recirculating loop [ l ] , shown in Fig. 1 , is made by closing a continuous strand of single-mode fiber on itself using to the injected and detected light intensities, overall linearity is ensured only if the optical summations, which take place at the various couplers are also effectively linear in the intensities of the interacting waves (rather than in their amplitudes). This requirement is easily met by using low coherence sources, e.g., Manuscript received May 18, 1984. from above by: a) the available source output power; b) optical nonlinearities in the fiber; and c) nonlinear responses of the source and detector. It is limited from below by the noise characteristics of the source radiation and eventually by the unavoidable detection shot noise.
Since a short coherence time is associated with excessive phase noise [8] , the output noise of these signal processing devices, when driven by a short coherence laser diode (see Fig. 2 ), is expected to be correlated with the laser phase noise. Indeed, it has been recently demonstrated [9] , [lo] , that the power spectrum of the optical intensity at the output of a single-mode fiber recirculating delay line, driven by a multimode semiconductor laser, is not only much stronger than the laser intensity noise but it also exhibits a spectral structure with notches at zero frequency as well as at other integer multiples of l/(loop delay), as shown in Fig. 3 . In addition, using the amplitude transfer characteristics of the coupler and a finite number of recirculations, it was possible [ 9 ] to relate the observed spectral structure to the laser phase noise.
The above mentioned characteristic structure of the power spectral density is not unique to fiber-optic recirculating delay lines. Indeed, Fig. 4 shows the intensity spectrum at the output of a bulk optics recirculating loop, driven by the same low coherence laser source.
Previous investigators of the implications of laser phase noise in fiber-optic devices, have dealt almost exclusively with nonrecirculating structures, e.g., Michelson or Mach-Zehnder sensors [l 1 ] and homodyne or heterodyne communication systems [12] . As predicted by these studies [13] , [14] , the phaseinduced output power spectrum attains its maximum at zero frequency f = 0, and, for a source coherence time r, which is much shorter than the device delay r , the spectrum near f = 0 is relatively flat within several 117 units. It appears, therefore, that recirculating and nonrecirculating fiber structures convert the laser phase noise input into intensity noise at the output in very different ways.
In this paper we present a comprehensive analysis of the phase-induced intensity noise at the output of a single-mode fiber recirculating delay line driven by a laser source with a finite coherence time. Section I1 presents the basic model and its mathematical formulation. The expression for the intensity covariance function is constructed in Section I11 along with approximations which are valid when the source coherence time is much shorter than the loop delay. ?he expression for the power spectrum is presented in Section IV together with several useful figures. The limitations of the theory, as well as a few possible extensions, are considered in Section V.
MATHEMATICAL FORMULATION
In this section we shall mathematically model the experimental arrangement of Fig. 2 , which includes a laser diode, a recirculating single-mode fiber-optic loop, a polarization
Experimental setup for the measurement of the spectrum of the intensity noise at the output of a recirculating delay line, driven by a semiconductor laser. E,, Ea, and E 3 , E4 are, respectively, the input and output fields. The polarization controller is used to change the state of polarization of the propagating wave without modifying its intensity. The optical power at the detector was 130 mW, the loop length was varied from 27 cm to 200 m, and the amplifier gain =40 dB. Fig. l(a) ), and C phaseinduced intensity noise with an assembled coupler (see Fig. l(b) ).
D Same as C but with an intermediate setting of the coupler. Due to
The coupling coefficient was adjusted to give the highest noise level.
the limited spectral range of the detection system, only to notches can be observed: one at f = 0 and another at f = 1 /~( = 740 MHz). In this short loop, the spectrum was practically insensitive to adjustments of the polarization controller.
controller [15] , a high-speed p-i-n detector, and a spectrum analyzer.
A. The Laser
Short coherence laser diodes are usually of the gain-guided [16] multimode type. Their output amplitude can be modeled as the sum of a finite number of cavity modes, where each mode has the form
(1)
The complex vector amplitude Eo is assumed to be timeindependent, thereby neglecting intensity noise assumption, which is experimentally justified [9] , is further discussed in Section 5). w o is the center optical frequency of the mode and q(t) represents the phase noise which can be also expressed in terms of the source frequency noise:
. I t is common to assume that this frequency noise is a stationary normal (Gaussian) process with zero mean and flat spectrum [14] . Under this assumption, p ( t ) is a Wiener-Levy random process [17] k it is a zero mean normal random process with a structure function, D ( t l , t z ) , of the form
The angle brackets denote ensemble average and the proportionality factor 117, can be shown to be the mode coherence time [&I. For gain-guided lasers, r, % 50-100 ps, which corresponds to a spectral width of several gigahertz. This form of the structure function, in (2), is also associated with a Lorentzian lineshape of the optical spectrum of the mode [8], [ 161. The finite bandwidth Aw, generated by cp(t) is assumed to be small enough so that the fiber dispersion can be neglected and the field at the output of a piece of fiber of IengthL is a delayed version of (I), namely, E(t -L/V), U is the phase velocity, averaged over Aw.
B. The Directional Coupler
A polarization-independent linear directional coupler [ 181 can be described by E l , E2 , E3, and E4 are, respectively, the input and output fields (see Fig. 2 ). The coupler power insertion loss is represented by an amplitude transmission factor 6 o , and the complex TUR e t a l . : THEORY OF LASER PHASE NOISE numbers A , B , C, and D form a unitary (energy preserving)
(The star denotes complex conjugation).
C. The Fiber
A weakly guiding, ideal single-mode fiber can support two degenerate, mutually orthogonal linear polarizations of the LPol type [20] . However, when a fiber is incorporated in a system, it is both bent and twisted, and the resulting linear and circular birefringences [15] , [21] , [22] distort the LPol modes to the extent that they are no longer degenerate eigenmodes. Nonetheless, there exist two orthogonal eigenmodes E, and Eb such that when propagating from port 1 to port 2 through the loop, their polarizations are, respectively, preserved.' Eu and Eb have different phase velocities and, therefore, experience different delays r, and 71, as they travel around the loop. Under normal bending and twisting conditions, and including the natural parasitic birefringence of singlemode fibers, we find [22] that the normalized difference between these two velocities is on the order of (which corresponds to a beat length L , = hv/Au of 1 m). In general, these two modes are also differently attenuated, but for simplicity, we shall assume the same amplitude attenuation coefficient, for both E, and E,. The input field from the laser in (I), can be decomposed into
E(t) = g EU(t) t h Eb(t).
(5 )
If E(t), E,(t) and Eb(t) have equal intensities, then (using the orthogonality of E, and Eb)
1812 + lh/2 = 1 (6) and the output intensity at port 4 is
Zu and I , are, respectively, the output intensities of modes a and b.
D. The Polarization Controller
An ideal polarization controller 1151 , [ 2 2 ] , can transform the state of polarization of highly polarized light between any two given states, with no change in the light intensity. Its incorporation in the loop allow us to modify E, and E,, and to adjust r, -rb.
E. The Output of the Spectrum Analyzer
Since the spectrum analyzer input voltage is proportional to Z(t)-the light intensity from port 4, the output of the accoupled spectrum analyzer gives the power spectrum of Z(t).
According to the Wiener-Khinchine theorem [ 171 , this power spectrum is the Fourier transform o f the autocovariance func-'These modes can be expressed as a linear combination of the LPol modes with coefficients which depend on the fiber-length coordinate 1221.
C a a ( t l , t 2 ) and Cbb(t1, t 2 ) are, respectively, the autocovariance functions of Z , ( t ) and Ib(t) and Cub(tl, t 2 ) is the crosscovariance of Z , and I D .
In the following sections we evaluate these three covariance functions.
EVALUATION OF COVI(t1, t 2 ) A. The Output Modal Zntensity and Its Average Value
When dealing with either of the two eigenmodes E, or Eb, the output field at port 4 is the sum of contributions from an infinite number of recirculations
r is the loop delay (7 is T~ for E, and T b for E b ) , L is the loop length, and a. is the fiber (amplitude) attenuation per unit length which is on the order of several decibels per kilometer.
For a unit amplitude input field of the form
The output intensityZ(t) = /E4(t)I2 is given by
The evaluation of the ensemble average (I(t)> involves the calculation of the ensemble average of the exponential term in (12). Since cp(t) is a normal process, cp(t -n7) and cp(t -m7) are jointly normal so that [ 171
( 1 3) D ( t ) is the phase structure function in (2), and the ensemble average of
cab is the cross-covariance function of I, ( t ) and 1, ( t )
( 1 6) We shall first treat the correlation term (ZaIbb). Using (12) and asuming different coefficient series iFa,n), and <Fb,n] for the two modes, we find where the exponent can be expressed in terms of the process structure function, in (2)
Equations (14), (1 7), and (1 8) can now be combined to give
The conditions m f n and ml f nl were added to (20) to reflect the fact that there is no contribution to cab from terms
with either m = n or ml = nl (the two terms in the curly brackets cancel each other).
c
. An Approximate Evaluation of cab
As mentioned in Section 11, the two orthogonally polarized eigenmodes of a single-mode fiber propagate with slightly different phase velocities. For a typical beat length of 1 m, as in Section 11-B 
is on the order of 0.5 rad/m. Thus 
where
and use was made of (2). To ensure optical summation of intensities and to avoid interferometric sensitivity to environmental conditions, fiberoptic signal processors usually employ light sources with a coherence time much shorter than any loop delay r/r, >> 1. (26) This strong inequality can be used to substantially simplify (22). Since m # n and ml f nl, the exponent of the second term in the curly brackets in (22) is equaI or larger than r/rc and as a result of (26), this second term can be completely ignored. As for the first term in the curly brackets, it can be also neglected unless
As can be concluded from the definition of K in (24), this condition, subject to m # n and ml # nl, can be met if and only if Thus Cab(t1, t z ) is significant only when (tl -t z ) is vety close -1 < R e s < 1 (7, = T b ) to an integer multiple M of r, i.e., only when (3 8) and and (28) can be rewritten as m=nl+M, n =ml + M .
When t1 and tz are given (subject to (29)), M is known, and in 1 4 4 8; u 3 the quadruple summation of (22), only those terms for which (30) holds, will contribute to C a b ( t 1 , tz) . At this point we combine all our previous observations to obtain (K(m, 
( 3 1) where
Note that c a b approaches zero when I tl -tz -M T~ >> r,
The form of (31) suggests that c a b can be expressed as a convolution Thus A M ( 4 ) depends on q only through the multiplicative factor Re S.
D. The General Approximate Expression for CovI(t, , t z )
C , and c b , may be derived from Cab by letting r, = r b , or equivalently, by equating 4 to 1. Therefore, a general approximate expression for Cov,(tl, t 2 ) is easily obtained from (8) and (33) a) The covariance function is affected by the state Of Fa,n = F b , n , i.e., under the assumption that both the coupler polarization of the propagating wave, as determined by g 7 and the attenuation coefficient in the fiber are polarization h, and Tu -r b , only through the frequency-independent mulindependent. substituting (1 1) in (35) N + M, we obtain two tiplicative factor T (which does not change the form of the nested infinite geometrical series which can be summed to give covariance function). 
b j CovI(tl, t z ) is a function of the time difference t1 -t z ,
Most practical systems involving fibers and directional couplers can be adequately modeled by a unitary coupling matrix in (3)-(4), and U < IBI2 < 1. These two conditions are sufficient (but in no way necessary) to ensure that W > 1 and G, is negative for all M f 0. The general form of Cov,(t, ~ t 2 ) appears in Fig. 5 (only the first four negative spikes are shown). The paper by Tur and Moslehi [9] proposes a simplified explanation of this figure, showing the relationship between the first three terms in the expansion of (9) and the central and first two side-spikes of Fig. 5 . More generally, it is evident from (35), that the spikes at +MT are generated by recirculations with order n greater or equal to M .
IV. THE POWER SPECTRUM OF THE OUTPUT INTENSITY A. Derivation
According to the Wiener-Khinchine theorem [17], the power spectrum of the output intensity is the Fourier transform of the covariance function. Within the approximations of (21) t 2 -- Fig. 6 for various values of B and 01~. The full spectrum, S(f) in (45), can then be obtained by multiplying Fig. 6 by the polarization factor T and by a decreasing envelope (with a characteristic scale T~) , which is determined by the actual lineshape of the mode. When the loop is lossless, Fig. 6(a) , infinitely deep notches appear, but their depths decrease as the loop loss increases Fig. 6(b) . Fig. 6 depicts the frequency dependence of the spectrum of the output intensity of the loop when driven by a low coherence source. It is interesting to note that its form is very similar to the wavelength (or loop length) dependence of the output intensity of the same loop when performing as a resonator with a highly coherent HeNe laser input [23] , [24] . This resemblance is probably a consequence of the nature of the low coherence source: its frequency changes very fast over many free spectral ranges [25] ( T / T , >> 1). The similarity, though, is not complete. a) A lossless resonator is characterized by an infinitely deep but infinitesimally NUWOW notches. b) Even for a lossy resonator, there always exists a certain coupling ratio for which the resonator notches still have infinite depth. c) The location of the resonator notches is extremely sensitive to micrometer-size variations in the loop length, while with an incoherent source the output intensity spectrum is environmentally stable.
B. Results and Discussion

S6 (f) is shown in
Another interesting feature in Fig. 6 is the dependence of the form of the spectrum on the coupling ratio: the higher the coupling ratio, the flatter is the power spectral density within any given period. This dependence can be correlated with the fact that the number of (nonvanishing) recirculations increases with the coupling ratio (see Fig. 7 ). As noted in Section 111-E, the fore, a large number of recirculations increases the harmonic content of the spectrum and, consequently, flattens it. This dependence of the form of the spectrum on the coupling ratio is experimentally demonstrated in Fig. 8 . For a weak coupling ratio, Fig. 8(a) , only a very small amount of light is directly coupled from the input pulse to the output port (port 4 in Fig. 2 ). While most of the light leaves the loop after just one recirculation, a very small portion of the outgoing light is coupled back into the loop to form a weak third pulse, which is the last, hardly visible recirculation in Fig. 8(a) . Fig. 8(d) shows the resulting spectrum, a fairly round one, as expected from the above discussion. The impulse response for a moderate coupling ratio, is shown in Fig. 8(b) . The corresponding spectrum, Fig. 8(e) , is an elevated version of Fig. 8(d) , with flatter tops. Strong coupling is shown in Fig. 8 (c) and 8(f). In spite of their low magnitude, several recirculations are visible in Fig. 8(c) .
The depth of the notches is the same as in Fig. 8(d) , but the tops are much flatter and lower. All these observations are in good agreement with Fig.  6 . Also note, that since Fig. 8(a) -(c) were obtained by partially blanking the CW emission of the laser, the vertical widths of the oscilloscope traces, in between the pulses and after the pulses die, are indicative of the magnitude of the .noise as it appears in the time domain. Indeed, the observed time-domain magnitude completely correlates with the spectral magnitudes of Fig. 8(d)-(f) .
When the coupling matrix is unitary and fr = n/2 (n an integer), the expression for s& (f) can be greatly simplified. 
explain this deviation from our theory (see (45)): a) the adjustment of thc polarization controller also slightly modifies the loop loss and b) the (54) two modes E, and Eb have slightly different attenuation coefficients. much stronger than the intensity noise of the laser (see Fig. 3 ), thereby partially justifying the simple model of (1).
2) The Coupler: Equations (3) and (4) (20) (with a large value of The theory presented in this paper suffers from a few limitations that need improvement:
1) The Laser Model: In order to achieve a short coherence time, a multimode laser is usually used in fiber-optic signal processors, employing recirculating delay lines. This type of laser simultaneously emits many spectral lines, each with a fairly short coherence time which decreases with the line power [8] . All the results of this paper are derived from a single line representation, as in (1) . If the amplitudes and phases of the various spectral lines were independent of one another, then our results would remain unchanged: Each line would supply its own contribution, as given by (45), and cross terms among different spectral lines (having an interline spacing of 50-100 GHz [SI) would not fall into our spectral range of interest. However, the lines are experimentally found to exchange power among themselves, resulting in partition noise and fluctuating line amplitudes [16] . Moreover, the phase noise of the various lines is partially correlated at least for short delays [14] . In order to include these effects in the theory, a lot of information must be provided concerning the statistical interrelations among all the amplitudes and phases involved. This information is hardly available today, for multimode lasers. On the other hand, our relatively simple theory accounts for all the observed experimental evidence. Also, the phase-induced intensity noise is experimentally found to be N and ra = rb), on the ratio r/rc. For small values of this ratio, the variance has an interferometric sensitivity to the loop length and, therefore, a loop length is assumed which is an integer multiple of the source wavelength. It is clearly seen that the curve saturates for r/rc FZ 4, thereby indicating that our final results, in (41) and (4.9, are valid even for fairly small values of r/rc.
VI. SUMMARY
This paper considered in detail the magnitude and structure of the phase-induced intensity noise produced by recirculating delay lines. Expressions were derived for the autocovariance function, as well as for the power spectral density of the output noise. The formulae obtained were used to investigate the dependence of the magnitude and shape of this noise on the source coherence time, the coupling ratio, the coupler and loop losses, and the fiber birefringence. This type of noise is important in assessing the dynamic range of fiber-optic signal processors. The results are also valid for bulk-optics devices. composed of two parallel, identical fibers fail when the waveguide parameter V is sufficiently small. In particular, they find that the lowest order antisymmetric mode of the composite, two-fiber structure is "cut off" for a finite V value, while the symmetric mode propagates for all values of V.
It is well known that modes that are below their cutoff frequency continue t o propagate but are leaky. Therefore, it is the rate of leakage and the fiber length that determine the V value for which the mode is sufficiently attenuated that it can be ignored. For example, some leaky modes of multimoded fibers can propagate with significant power for more than a kilometer even though they are well below their "cutoff" frequency [3 3. Since couplers are comparatively short, say only centimeters in length, it is possible that the effective V for significant modal attenuation is considerably smaller than the "cutoff" frequency determined by Love and Ankiewicz
[ l ] , [2] . Accordingly, it is of interest to calculate the modal leakage from optical couplers in order to determine how far below its cutoff a mode can be operated.
Manuscript received May 16,1984 . The authors are with the Department of Applied Mathematics, R e search School of Physical Sciences, Australian National University, Canberra, Australia. This paper has two main objectives: i) to show how the familiar "perturbation" modes [3] of the two-fiber coupler give an excellent approximation to the cutoff V obtained from the exact analysis of Love and Ankiewicz 111, [2] ; and ii) to develop a formalism for determining radiation losses from waveguides such as the two-parallel-fiber coupler.
PERTURBATION MODES OF THE FIBER COUPLER
The modes of the composite two-fiber system shown in Fig. 1 can be derived directly from the scalar wave equation by elementary perturbation methods, provided the fibers are weakly guiding and sufficiently well separated. This procedure is described in detail by Snyder and Love [3, p. 3871, and we simply use their results here. Thus the electric field E?, of the 2 lowest order (+ or -) modes has the approximate form E+ = **(x,y) e e (1) where the unit vector e is either x-or y-directed and we have chosen the z-axis to coincide with the fiber axis. Perturbation analysis leads to the following approximation for the field 
where GI and 5, are the familiar weakly guiding fields of the fundamental mode on one fiber in isolation from the other; they are given in Appendix A-1 .
A. Propagation Constant
The propagation constants p+ for the two modes of the structure have the forms [ 3 ]
p+ =p*c ( 3 ) where p is the propagation constant of the fundamental mode of a fiber in isolation (see Appendix A-1). For a circularly 0733-8724j85/0200-0031S01 .OO 0 1985 IEEE
